Trigonometry
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Sine, cosine and tangent (SIN, cOs and TAN buttons on calculator) are functions that
convert an angle into a ratio of side lengths in a right angled triangle. They are also
very useful in science and engineering in topics such as optics, electricity and vibration.

You should know:

. sin(0)=0, sin(30°)=%, sin(90°) =1
. cos(0)=1, cos(60°):%, cos(90°) =0
. tan(0)=0, tan(45°)=1




Finding the angle

The inverse functions sin?, cos™, tan™ convert the ratio back into the angle.

5¢cm
3cm

4cm
Here T know all 3 sides, so I can use sin™, cos™ or tan™ and they will all give me the
same result!

. x:sinl(%stinl (gj:36.87°

e X=cos™* (%) =cos™* (%j =36.87°

e x=tan™ (9) =tan™ (§) =36.87°
a 4

In general a question will give you just two sides - think “oh”, "ah" or “oa" and use sin™,
cos™ or tan™ as appropriate.

Remember to check that your calculator is in degrees mode (little "d” at top of
display). At A-level you will learn about radians (a different angle unit,
21 radians = 360°).




Finding a length

To find a length “on top” in the definition, multiply by the trigonometric

function.
To find a length “"underneath” in the definition, divide by the trigonometric

function.

You should always write out the formula you are using.

Example o
E =Sin X
h=18m
0 0 =hxsin(x)=18xsin(31°)=9.27 m
31°
Shorter than the hypotenuse?
Sensible? That's OK thenl
n 0
0=91cm —:sin(x) |:> 0 =hxsin(x)
19° h
or take @
reciprocals h=_20
sin(x
h="57¢" _ 2058 cm ()
sin(19°)
h 1
o sin(x)

Longer than 0? Sensible?
That's OK thenl!




Another way of remembering this: think of your question as a scaled-up version of one
of three similar triangles.

0 =sin(x)

a=cos(x) %

x

0 = tan(x)




Practical problems using trigonometry

(i) as you walk towards Everest base camp, you see the mountain in front of you. The
angle of elevation of the summit is 10° above the horizontal and you know it is 19000

feet above you. How far are you from the summit?

Imagine a right-angled friangle and sketch the problem:

0=19000 ft

10°

0 19000 109417

=109417 feet = miles = 20.7 miles
5280

h_

_sin(x) _sin(lo)

(i) A symmetrical roof is 12 m wide and the pitch is 35°. How high is it?

We have to draw an isosceles triangle and split it into two right-angled triangles:

6m 6m

% =tan(35°), height=0=6xtan(35°)=4.2m




(iii) Challenge question

An explorer is crossing a desert. At 9 am he sees mountains at the edge of the desert;
their angle of elevation is 10°. By 10 am he has walked another 3 km and the mountains
look closer - the angle of elevation is 15°.

e How high are the mountains (relative to the desert).

e His route takes him in a gorge through the mountains, so he is not walking uphill.
At what time will he get there?

Tips:
» Whrite a relationship between A and o.
» Worite a relationship between B and o.
» Use the 3 km to combine these into a single equation for o.
» Find the mountain height "o”.
» Find B.
0
A=—
tan (10°)
0
B=—
tan (15°)
A—B=3km
0
A-b= - =
tan(10) tan(15)
Factorise:
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o 1 1 _
tan(10) tan(15)
Putting numbers into this: 1.9390 =3, height of mountain 0=1.55 km

we get B=5.77 km. He is walking at 3 km/hour so this takes

0
Th ing B=
en using fan (15%)

another ﬂ =1.92 hours = 1 hour + 0.92x60 minutes = 1 hour 55 minutes after 10 am.

> He gets there at 11:55.

Area of a triangle
. 1 .
The area of any triangle = Eabsm C
where Cis the angle between the two sides of length a and b.

3m 6m

58.4°

7m

Area = %xBx?xCOS(58.4°) =55m?




Sine and cosine rules

The sine and cosine rules are used to calculate lengths or angles in triangles that are
not right-angled.

b a
c
Sine Rule: _a = .b = .C
sinA sinB sinC
Cosine Rule: a’ =b?+c*—2bccos A
(etc)
1 ., .
—absime
Cosine rule
a? =b? +c? —2bccos A
b +c® -a’
COSA=——-—
2bc
Note: b a

e If A=90°, cosA=0 and we get a® =b”?+c® (Pythagoras) A

C
If A<S0°, cosA0 andweget a<bi et /o
o < , C0OSA>0 and we get a” <b”+c y = COS X
A c TN
e If A>90°, cosA<O and we get a® >b’ +c? a > ; 5
9 180 0 360
M_\

A ¢ ~—

_1-




Example
A room with sides of length 4 m and 8 m measures 9 m across the diagonal.

What is the angle opposite the diagonal?

a=9m

A/ b=4m

b?+c?-a® _ 64+16-81
2bc 2x8x9

COSA= =-0.015625

Angle A=cos™(—0.15625) =90.895°




Sine rule
sinA_sinB _sinC
b c

Finding angles:

b ¢

Finding lengths: ——=——=—
sinA sinB sinC

Example
(Continuing from above) witha=9m,b=4m,c=8 m.
What is the angle B?

We could use the cosine rule again but it is easier to use the sine rule.
sinB _ sin90.895
8 9

sin B =8xsin(90.895)+9 = 0.8888
B =sin"(0.8888) =62.72°

The ambiguous case.

If a triangle is defined in ferms of .
e 3sides ("S5S5") /\
e Angle-side-angle ("ASA") \ >>\ '/

e Side-angle-side ("SAS") < SS A S A AS
there is only one way it can be drawn.

If however it is defined as an angle-side-side ("ASS") problem, it can often be drawn in
two ways.

¢ the sine rule will produce two solutions for the unknown angle
o the cosine rule will produce two solutions for the length of the third side
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In general there are two angles <180° with the same sine. In the above example with
sinB =0.8888 we could have taken B =62.72°or B =180-62.7 =117.3° but the higher
angle is obviously impossible here as it would make the angles in the triangle add to
>180°.

1 r
08888 [~ A NN~
=sin X

62.7° 9011730 18 27:0 60

-1+

Often, though, the angle we know is <90° and we then have two equally valid choices for
B. (If we knew C we could tell which was correct - but then we would not need the sine
rule at all!)

» With ASS problems we usually avoid the cosine rule (which would involve solving
a quadratic) and instead use the sine rule to find one unknown angle.
> Since the 3 angles add to 180° we can then find the third angle.

Example.
In triangle XYZ,
e XY =12cm,
e YZ=8cm
e angle YXZ = 35°.
Find the size of the angle XZY, the third angle and the length XZ.

YA

X z=12cm y 8cm
Using sinz _sinX since we know length z and one angle and opposite side pair (X, x)
z X
sinz _sin3s* sinz =1251N35" _ 4 604

12 8

1



Z=59.4°0r 120.6°

> If one possible solution is 6 then the other is always 180 - . You have to

decide whether this is possible or not. (All sine rule calculations of an angle are
for an ambiguous "ASS" triangle definition since one of the two known sides
must be opposite the known angle).

> Now Y =180— X —Z so Y, =180—35-120.6 = 24.4° and
Y, =180—35-59.4 = 85.6°

» We can now use the sine rule to find length y, e.g.

Y _ 8 iving y.=576, vy, =1391
sinY sin35 giving ¥, =910, ¥, '

> or the cosine rule y> =12° +8° —2x12x8cosY

Which rule to use?
» Use the Sine Rule when you want to end up with 2 lengths and 2 angles
» Use the Cosine Rule when you want to end up with 3 lengths and 1 angle

» Use either when you will be ending up with 3 lengths and 2 angles.
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